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1 Introduction

At the Education Program for Gifted Youth (EPGY') we have devel oped a series of stand
alone, multi-mediacomputer-based courses designed to teach advanced students math-
ematics at the secondary school and collegelevel. The EPGY course software has been
designed to be used in those settings where a regular class cannot be offered, either be-
cause of aninsufficient number of studentsto take the course or the absence of aqualified
instructor to teach the course. Inthisway it differsfrom traditional applicationsof com-
putersin education, most of which areintended to be used primarily as supplementsand
in conjunction with a human teacher.

Sincethe Fall of 1990 EPGY has developed a body of computer-based courses de-
signed to teach mathematics from the Kindergarten level through the first two years of
university level instruction. Students participating in EPGY enroll formaly in these
courses through the Stanford University Continuing Studies Program and receive credit
for the courses they complete. To date we have had over six hundred students complete
courses with us, with about one quarter of those in university level courses. We expect
thetotal enrollment in EPGY for the Fall Quarter of 1995 to exceed one thousand stu-
dents. (For a detailed discussion of our early results see Ravaglia, Suppes, Stillinger,
and Alper 1995.)

Inreading thisarticleitisessential to keepin mind that our softwareisnot something
which has remained in alab being poked at by computer scientists or mathematicians,
only occasionally to be used by students. Rather students are using it regularly, and as
such much of our devel opment has been motivated by their day to day needs. Theoretical
concerns have often had to assume a secondary role. While this has been frustrating
at times, it has aso forced us to be extremely honest in evaluating what aspects of our
courses play a significant pedagogicd role and what aspects are extraneous.

In designing these courseswe have tried to be as responsive as possibleto variations
in student abilities and rates of learning. Because of the opportunitiesfor assessment it
affords, symbolic computation has been an essential tool in the instructional design of
thesecourses. Inthispaper wewill briefly examinethe standard waysin which symbolic
computationisincorporated into mathematics instruction. We will focus not on the ben-
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efits that such an incorporation affords, but rather on how specific features common to
symbolic computation programs diminish their pedagogical effectiveness.

These shortcomings will be addressed in the context of a discussion of the EPGY
course softwarein which wewill illustrate how we have incorporated symbolic compu-
tation into the program and what pedagogical effectsit hashad. In particular, wewill de-
scribe how existing symbolic computation systems suitably modified and coupled with
a semantic component, make possible systems in which students can construct deriva-
tionsand receive immediate feedback. Such derivation systems make it possibletoiso-
late and develop computationa skills, without resorting to standard drill and practice
techniques. Furthermore, derivation systems, by forcing students to justify explicitly
their inferences, make it possible to evauate student’s understanding of a given body
of mathematics. Thisin turn makes it possibleto assess studentsat a deeper level than
is usually done in computer-based courses. Ultimately it is the individualized adaptive
nature of instruction afforded by the ability to perform this type of assessment which
makes it possible to devel op successful computer-based courses.

2 Symbolic computation and pedagogy

The last half dozen years have seen the development of a number of symbolic com-
putation packages available on personal computers. Coincident with the devel opment
of these packages have been numerous attempts by educators, computer scientists and
mathematicians to incorporate these powerful toolsinto secondary school and college
level mathematics curricula. A sense of the shear number of these attempts is nicely
illustrated by looking through the presentation list of the Seventh Annua Internationa
Conference on Technology in Collegiate Mathematics (ICTCM 1995). Over athird of
the presentati onsinvol ved di scussi onsof how symbolic computati on programshave been
used to develop instructional materia for standard mathematics courses.

The common thrust of the bulk of these efforts has been to provide students with
what isessentialy a mathematics | aboratory environment in which they can explorethe
properties of certain mathematical objectswithout having to do any computationsthem-
selves.

Depending on the pedagogical goalsunderlyingit, thisinstructional approach takes
severa different forms. Initsweakest form, studentsare presented with an unstructured
environment in which they are encouraged to experiment freely with some given mathe-
matica object. For instance, studentsmight begivenacertain functionand toldto search
for interesting properties that it might have. In the strongest form this approach leads
to programs in which the exposition of the curriculum and the symbolic computation
package will be linked together. In these cases students will be required to investigate
specific propertiesof mathematical objects (graphs, tables or sequences of calculations)
within the symbolic computation environment in order to complete an assignment.

Within this model of mathematical experimentation, different features of symbolic
computation programs are emphasized. The most common is to utilize the graphing
capabilities of symbolic computation packages to encourage students to think visually
about functions. Perhapsthefinest tool devel oped towardsthisend isthe Graphing Cal-
culator developed by Ron Avitzur (see his contribution in this volume for a thorough
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discussion of thistool). The influence of this graphical approach isalso present in the
efforts of calculus revisioniststo incorporate graphing cal culatorsinto ca culus instruc-
tion. (A development of cal culuswhichthoroughly incorporatesthe use of graphing cal-
culatorsis Hughes-Hallett et al. 1992.) That the merits of thisapproach are widely ac-
cepted is evidenced by the decision of the College Board, anational organizationwhich
sets standards on how to teach college level coursesin secondary schools, to requirethe
use of graphing cal culators on the national Advanced Placement Examinationin Cal cu-
[us beginning with the 1994-95 exam year.

The other feature of symbolic computation programs most commonly used is their
ability todoinfiniteprecision numerical computations. Such computationsare frequently
used to illustrate points about functions and limiting processes. By actualy evaluating
functionsat pointsvery closeto the limit value, one can obtain very nice numerica ta
bles demonstrating limiting behavior. Similarly one can demonstrate facts about deriva-
tives by computing difference quotientsat various points close to the point in question.
Because of the ease and rapidity with which one can do these numerical computations,
symbolic computation programs make it feasible to incorporate such examples into the
curriculum.

A project which thoroughly incorporates these features of symbolic computation
programsinto mathematics instructionsis the Cal culus and M athematica Project at the
University of Illinois (Brown, Porta, and Uhl 1991 — for other suggestions see Cran-
dall 1989 or Wagon 1991). Uhl and his colleagues have abandoned the traditional lec-
turestyle of teaching calculusfor an interactivelaboratory setting in which studentsuse
Mathematicato work through aseries of problemsand exampl es combined withinstruc-
tional text.

Wewill not discussthe merits of these approaches here as they are addressed exten-
sively in theliterature (again see Brown, Porta, and Uhl 1991, Crandall 1989 & Wagon
1991). Instead, we wish to focus on specific deficiencies of standard symbolic compu-
tation packages when used as pedagogica tools.

2.1 Either toomuch...

The greatest weaknesses of standard symbolic computation programs as pedagogical
toolsparadoxically stems from their intrinsic power and generality. Intheir recent book
on computer algebra Davenport, Siret, and Tournier (1988) state that computer algebra
systems as normally conceived are expected to meet two requirements:

1. Provide pre-programmed commands to perform wearisome cal culations.

2. Provideaprogramming language to define extensions or enlargements of theorig-
inal set of pre-programmed commands.

Neither of thesedesiderataislikely to generate symbolic computation systemswel | suited
for educational purposes.

Thefirst requirement is problematic because such pre-programmed commands which
perform all the “wearisome calculations’ obscure many of the details which a student
needs to see and learn as part of the process of learning mathematics. Using one com-
mand to integrate, for exampl e, ignorestheimportance such techniquesasintegrationby



4 Successful pedagogical applications of symbolic computation

parts, or integration by trigonometric substitution. The importance of these techniques
transcends the merely computational, and teaching them comprises a good ded of the
third quarter of calculus. While the Maple “simplify” command might embody all the
knowledge of a second year algebra course, teaching someone how to apply this com-
mand in Mapleisvery different from teaching him second year algebra.

Also obscured here are many of the subtletiesinvolved in performing certain cal cu-
lations. The standard symbolic computation programs do not worry about this sort of
error checking sincethey are designed for use by scientistswho aready know the math-
ematics, and can detect erroneous results stemming for incorrect applications of rules
and ignore them. Thisis not an assumption which should be made about someone just
learning the material. What is desirable for the expert is often harmful to the student.

The second point isequally problematic. Because programslike Maple and Mathe-
matica have been designed for genera use by scientists and engineers, certain assump-
tions have been made concerning the user interface and the expected power of the sys-
tem. Scientists and engineers can be assumed to be well versed in programming lan-
guages. For thisreason, command language interfaces are the norm for symbolic com-
putation programs. Thisis understandable since adopting acommand language similar
to a programming language enabl es one to create a symbolic computation environment
which isreadily extendable.

Students, however, cannot be expected to master anything thiscomplex. Whileitis
reasonabl e to expect students to use cal culatorsin mathematics courses since the inter-
face of acalculator isamost transparent, it isnot a priori reasonabl e to expect students
to learn the interface required to use a symbolic computation program. Moreover, even
if being proficient with the use of symbolic computation programs correlates with an
ability tolearn calculus, thisfact does not justify the introduction of symbolic computa-
tion. A similar claim might be made concerning proficiency with first order logic. Itis
probably the case that a student who knowsfirst order logic is not subject, when learn-
ing calculus, to the same sorts of confusions concerning quantifiersin proofsusing e —
methods as someone who has not had logic. It does not follow, however, that students
should be required to take a course in logic before they take a course in calculus. For
thisto happen one must first establish that the studentswho have difficultieswith these
concepts in the calculus will have an easier time learning them in alogic course. And
even then one must show that the time spent first learning logic might not have been
more productively spent otherwise.

2.2 ..or toolittle

The single greatest advantage that computers have as an instructional tool is their abil-
ity to individualizeinstruction to meet the needs of aparticular student. This principle,
recognized since the earliest drill and practice mathematics programs, remains the es-
sential advantage of computer instruction, for while ateacher lecturing must address an
entire class at once, a computer, by assessing each student’s understanding, and track-
ing that student’sperformance over time, can adjust thelevel of instructionto match that
particular student’s needs.

Ideally both the amount of materia presented to a given student and the leve at
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which it is presented should vary according to the rate at which the student masters
the material. Students who can move quickly through a given subject should be al-
lowed to, while those who need additional instruction or a more concrete style of pre-
sentation should have those resources available to them. To accomplish this within a
computer-based course requires assessment of a student’s understanding at each point
in the course, together with a record of that student’s performance through the course
up to that point. The judicious use of symbolic computation makes this type of assess-
ment possible.

It is surprising therefore that it is exactly thistype of assessment which is missing
in the standard incorporation of symbolic computation into the curriculum. The reasons
for thisliein thelimitations of the “Mathematica Notebook™ approach to course devel-
opment.

In the notebook model studentsare presented with what essentialy are dynamically
unfoldingobjects. Studentscan explorethese objectsand interact withthemin real time.
Onecan click on theequation of afunctionand produceitsgraph, rotateitin three space,
and automatically evaluateitsintegral. Or one can investigateafunction’slimitsby cre-
ating a table of values with arbitrarily great decimal precision. While such experimen-
tation hasits place in a computer-based mathematics course, it is not sufficient initself
to constitute a course.

The biggest problem with those who decide to devel op courses within the confines
of the notebook model isthat it isfundamentally a static, non-adaptive model sincethe
notebook cannot modify the presentation of material to reflect the results of student as-
sessment. Consequently, the interaction the students have with these notebooks occurs
independently of what their degree of mathematical sophisticationis. Thisisnot only a
poor utilization of a powerful resource, it isa poor approach to instruction.

3 TheEPGY course software

The EPGY course sequence in mathematics consistsof on-line courses which cover the
standard curriculumin thefollowing courses: First Year Algebra, Second Year Algebra,
Precal culus (includes Trigonometry and Analytic Geometry), Differential Calculus, In-
tegral Calculus, MultivariateCalculus, Linear Algebraand Differential Equations. Each
of these coursesis designed to be complete and comparable to what a student would re-
ceive in a standard high school or college level course. In thispaper we will focus on
the sequence from Beginning Algebrathrough the Integral Calculus.

The EPGY courses are completely computer-based. They are distributed on two or
more CD Roms and are designed to run locally. Each course consists of lessons which
correspond to thelogical sectionsin atext book. Lessons begin with amulti-mediapre-
sentation in which digitized sound is played and synchronized in rea -timewith the dis-
play of graphicsto create what resembles a teaching writing on a blackboard while lec-
turing. Studentshave full control over the lectures being able to pause, fast-forward and
rewind at any time. Studentscan control several lecture parameters including the speed
of thelecturer’svoice and the format of the graphic display (see Figures 1 and 2).

It isworth noting that these lectures have been designed so asto preserve theinfor-
mal nature of spoken mathematics or physics as contrasted with the more formal prose
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Fig. 1. Handwritten Algebra Lecture

style of text books in these subjects. Thisisimportant since it has been observed by
many people, though never adequately researched, that ora lectures are an important
part of learning the mathematica and physical sciences. We believe that such informal
lectures are important; they allow the students to absorb matters of style, such as how
to talk informally about the subject, how to draw diagrams, and how to write equations.

The lectures are followed by a set of simple questions which review the students
understanding of the material just presented. After these review gquestions students are
presented with a set of interactive exercises, which consist either of a quiz on the ma-
terial covered in the lecture, interactive exposition in which the student is lead through
adetailed argument step by step, or aderivationin which the student is asked to obtain
the answer to an exercise. Asonewould expect, the difficulty level of the exercisesin-
creases as the student progresses into alesson. Depending on its complexity the student
may haveto make several intermediary computations. These computations can be done
either with paper and pencil or by using our Derivation System.

In addition to the CD Rom based instruction students have interaction with remote
human instructors and each other through a variety of electronic means. As these fea-
turesare not directly relevant to the topic a hand, and as they have been discussed el se-
where (Ravaglia, Suppes, Stillinger, and Alper 1995; Ravaglia, Barros, and Suppes1994),
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Fig. 2. Formatted Algebra Lecture

we will not discuss them here.

3.1 Student assessment & symbolic computation

To beresponsiveto astudent’slevel of understanding, acomputer-based course must be
ableto assess the student’s comprehension of the material and adapt itself accordingly.
Students demonstrating ready mastery should be alowed to move quickly through the
material while studentswho are having difficulty should be given appropriate remedia
tion. Idedly this sort of assessment must determine two things. The first is whether or
not the student is abl e to producethe correct answer to the sorts of questionsthat the stu-
dent will see on examinations. The second is whether or not the student who produces
correct answers actually understands why the answers are correct.

Assessing whether or not students can produce correct answersisrelatively straight-
forward and can be done by asking studentsthe sorts of questionsthat instructorstradi-
tionally ask after lectures or on examinations. However, in designing such free answer
guestions several issues must be taken into consideration.

The most basic isthe ease of input. If a student hasto type a complex mathematical
expression in an input language, the chance that an incorrect response is caused by an
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error in typing rather than an error in understanding will be such as to grestly diminish
the assessment vaue of the question. Care must be taken to provide the student with
both a convenient means of input such as typesetting programs do, together with the
ability to see their input formatted, so that they can verify that what the computer has
understood isin fact what they wished to express (see Figure 3).
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Fig. 3. Structura Input System.

Equally important with ease of input is the naturalness of input. Students should
not have to constrain their answers to fit a particular form, outside of those constraints
which an instructor would reasonably place upon them in class. Whileit is reasonable
to require fractions to be expressed in lowest terms, it is not reasonable to prefer prime
notation to Leibniz notation. Students must be allowed to concentrate on getting the
problem correct without worrying about expressing it in a form that the computer can
understand.

Assuch it is not surprising that inflexible processing of student answers is a stan-
dard complaint with computer taught courses. Because answer comparisonismost often
some variation of string matching, students are required to follow rigid input conven-
tions. Unfortunately this eliminates the wide variety of natural variationsin the ways
people express even relatively ssmple mathematical expressions.

Our approach has been to process the answers symbolicly, taking into consideration
their mathemati cal meaning, and considering possiblecorrect answersintermsof equiv-
alence classes. Thisalowsthe computer to understand natural variationsin correct an-
swers. Moreover, since these variations often arise as the result of different approaches
to the solution of a problem, an improved ability to accept variationsin answers results
in adirect increase in the flexibility that students are afforded in choosing how to solve
problems.

A simpleexample from algebrashowsthe natural variety that astudent’ sanswer can
take. Suppose a student is asked to solvethe equation z% 4+ = + 1 = 0 inthe complex
plane. One may want to accept as correct al of the following variants: ‘“” 3 and
—1- Z\/_ 1= Z\/_ and — 1+Z\/§, —21 + Z\/_ and =L —1 223, —21 —|—z\/3 and T—ié,nm
to mentlon several otherSW|th essential Iy the same form. To code each of these pairs of
answers for the purposes of simple string comparison would be a chore and would fail
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to exploit the semantic content of the mathematical expressions.

Whether or not the student’ sanswer iscorrect can be determined by passing the stu-
dent’sinput and the author coded answer plus specification of the equivalenceclasstoa
symbolic computation program for evaluation and comparison. Exploiting the fact that
the answers are mathematical expressionsincreases theflexibility for student input and
simplifies author coding.

The importance of the author specifying an equivalence class in addition to an an-
swer must be stressed. If full blown equival enceistested for between author and student
answers, problemsinwhich the student was supposed to have transformed an expression
according to algebraic rulesinto a new expression would be useless. Thisisbecause the
student could just type in theinitial expression, which in the case of problemsfrom an
algebra course, is amost aways agebraicly equivaent to the answer. Thisis another
example of where the goal's of symbolic computation programs and human instructors
diverge.

A good example of this problem are exercises on factoring or multiplying polyno-
mias. Theinitial expression is agebraicaly equivalent to the final one, as are all the
intermediate stages of the computation, but there is still a definite correct answer. Also,
in expressing the factorization of a polynomial, one does not care about differencesin
order of theterms, or in terms of whether afactor of negative one has been introduced,
but one does care that the expression has been factored and as such, one will not extract
factors from the student’sanswer or multiply out the author’s. Thusif the problemisto
factor 22 — 5z + 6 one would accept as correct (x — 2)(z — 3) or (z — 3)(x — 2) or
(2 —2)(3 — z),and soon, but not z(z — 5) + 6.

The size of the set of answer variants which one will accept as correct will depend
on the course the student isin as well as the material recently covered in that course.
For example a student in beginning algebra, particularly one just learning that ¢ stands
for \/—1, might be required to resolve all negative roots into expressions containing i.
In this context ‘1%“‘3 would not be accepted as equivalent to ‘1+TW§ while — %
would be. Contrasted to this, an answer from a student in the calculus, just learning
derivative rules might be considered correct aslong as it was algebraicly equivaent to
the author coded answer and contained no unevaluated functionas.

3.11 TheEPGY derivation system

We have just seen how the judicious use of symbolic computation to evaluate answers
playsan importantrolein ng the ability of studentsto solve problems. What this
use of symbolic computation does not providein this context, however, isaway to ook
at the process a student goes through in solving a problem. While getting the correct
answer isthegoal of solvingaproblem, gettingit inthecorrect way isequally important.
Hence the mathematics teacher’s dictum “ Show your work.”

The EPGY software has addressed thisissue by creating aderivation system, i.e. an
environment in which students can formally manipulate mathematical expressions by
applying inference rules. In the standard environment, the student suppliesthe ruleand
the derivation system takes care of performing the appropriate calculation. The results
of the calculation are preserved for the student to further manipulate. A derivation of a
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problem isthe set of stepsfrom the statement of the problem to the solution. Inaddition
to the regular exercises students work in the course they are required to work a certain
number in the derivation system.

A derivation system as we conceive of it differs from a raw symbolic computation
environment in two primary ways. Thefirstisin having thelogica structure necessary
to represent mathematical inference and logical dependency. The secondisin providing
studentswith a set of rulesto usewhich are appropriateto boththeir level of understand-
ing and position within the course.

The importance of thefirst point can be quickly illustrated by atrivial example of a
falaciousinference permissible in most symbolic computation systems.

Assune: a = 0.
Di vide both sides by a: a/la = 0/a.
Sinplify: 1 = 0.

If one conceives of theintermediate results of one's use of asymbolic computation sys-
tem as being unrelated, one cannot discuss inference. Because most symbolic compu-
tation systems are devoid of a semantic component, they impose no structure on the se-
guence of steps which a student produces in working a computation, and as such, al-
low studentsto produce obvious contradictions. What isneeded for studentsisasystem
which treats the results as a sequence of related linesmoving from an initial assumption
viaaccepted inference rulesto avalid conclusion, as one does when giving a proof.

The importance of the second point, the need to provide students with rules appro-
priate to their level of understanding, is one which most symbolic comptutation envi-
ronments have chosen not to pay attention to. This choice is understandabl e given the
population that such symbolic computation programs are designed for, especially since
to do so is essentially to reduce the power of the system. However, while it is under-
standabl e, the choiceis damaging from a pedagogica perspective. Whileit may be the
case that a physicist using a symbolic computation package to solve a computationally
tedious problem does not need to worry about inferences in moving step to step to the
solution, most studentslearning the material for thefirst timeare not so surefooted. The
major difference between students and experts here liesin the assumption that experts
can refine the performance of the software with their own knowledge. Experts can be
expected to throw out obviously bad results or massage them into a correct form as nec-
essary. It cannot be assumed that students are able to make these same corrections.

Our contention isthat, rather than providing powerful commands and extendability,
what a symbolic computation system must provideto properly function as a pedagogi-
cally useful derivation systemsisaway to represent mathematical inference and logical
dependency.

4 User interface & design issues

The EPGY derivation system ispresent in our sequence of courses fromthefirst year of
secondary school algebra through first year of college calculus. In designing this sys-
tem we have tried to make its interface as transparent as possible so as to minimize the
amount of time students must spend learning its use and maximize the probability that
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theincorrect application of aruleisdueto aconceptual mistake and not aconsequence of
bad interface design. We have incorporated the structural input system described above
into the derivation system interface aswell. We have also been motivated by the desire
to make it such that al transformations which can be made correspond to an explicit
application of arule. Thisisessentid if every inferenceisto be explicitly identifiable.
We have a so required that the system be sensitiveto thedifferencesin ability and levels
of understanding that the different studentsusing it will have. A feature essential for a
cal culus student may not always be suitable or even desirablefor astudent just learning
algebra.

In our design we have eschewed both command language interfaces and contextu-
ally driven menu interfaces for anumber of reasons. Command language interfaces, the
norm in commercia symbolic computation packages like Mathematica or Maple, re-
quireclass time be spent learning and mastering their syntax, knowledge which may be
useless outside of class. Menu interfaces, on the other hand, are more easily mastered,
but may be cumbersome to use. If one does not impose a context based bias on the se-
lection, the user has to wade through along list of rule possibilitiesand select the one
he or shewants. If one doesimpose a context based bias, then the resulting derivations
cannot be said to be natural.

What we have settled on for therulesis aset of nested pal etteswith icons represent-
ingtherules. Boththerule groupsand the rulesthemsel ves are represented by graphical
icons depicting the form of the group or rule. To apply arule, a student first selectsthe
expression or subexpression to which the rule is to be applied, enters any required pa-
rameters for the rule into the input window, and then sel ects the appropriate rule from
therulewindow. These palattesdiffer from menusin having all commandsimmediately
ready to hand, rather than burried in linear lists. Moreover palettes naturally lend them-
selves to the use of icons which in turn exploitsthe density of information afforded by
images.

Theiconsthemselves graphically represent the rulesfor which they stand, but avoid
(in generd) the direct use of standard algebraic notation, relying instead on abstract
shapes to represent variables or terms within the expressions. So, for example, the ex-

ponential rule group is designated by the icon: EI. Selecting the rule group
causes the specific rules for that group to appear in the pal ette to the immediate right of
the rule group palette (see Figure 5).

In the derivation system one can use the mouse to directly select the subexpressions
towhich onewishesto apply acertain rule. Whilewe have allowed certain keysto cause
transformati onsto the expressi on bei ng worked on, wehave not followedinthedirection
of Avitzur (see his contribution in this volume) in interpretting mouse movements as
commands. The reason for thisis the desire to require that students be explicit in their
intent to apply rulesand in expressing exactly which rulethey wish to apply. Webelieve
that exactitude on these issuesisimportant for adequate assessment.

The use of squares with different colors to stand for expressionsin the icon, rather
than letters, simplifiesthe process of binding variables when applying rules. Thisisbe-
cause the student does not have to suffer the potential confusion caused by having avari-
able name used in two different ways, such as when a student attempts to apply arule
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such as:

r+y—y+e

tothe expression y + . Requiring the student to specify that y isthevaue for # and «
for y inthe statement of the rule can cause confusion (see Suppes and Sheehan 1981).

In the derivation system, the rules are organized hierarchically within rule groups,
accordingtothetypeof rulethey are. Exponential rulesare groupedtogether, asarerules
for grouping, limit rules, differential rules, integral rules, and so on. For conveniencewe
donot adhereto strict categorization, but allow the same ruleto bel ong to severa groups.
Thus the rule which says that exponentiation by unity leaves an expression unchanged
is placed in both the group of exponentiation rules, and in the group of rules reserved
for arithmetic simplifications.

Thissort of arrangement allows studentsto find quickly therulethey need to perform
agiven calculation. If a student wishesto add two fractions, the student first selectsthe
fraction rule, and then determinesif the fractionshave acommon denominator, and then
appliesthe appropriate rule (see Figure 6).

Naturalness of rules

Therulesinthederivation system have been designed to correspond to the theorems one
learnsin these courses. We have augmented these ruleswith otherswhich are seemingly
redundant, but which facilitate doing certain types of computation. We have tried to
make the student’s approach to solving problems within the derivation system paralel
to the approach the student would take solving the problem with pencil and paper. We
have hoped in thisway to make work donein the derivation system hel p the studentsto
develop skillswhich will carry over to their own work.

Integrated of exposition and derivations

We haveintegrated thederivation systeminto thedevel opment of the standard secondary
school curriculum from the beginning. As soon as studentslearn an algebraic fact inthe
course they are taught a corresponding rule in the derivation system. Infact the deriva
tion system has been constructed in such away that therulesare not present inthesystem
until after the student has formally learned them. In thisway the state of the derivation
system for a student at a particular time reflects what that student has learned up until
that point.
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Power of rulesappropriateto student understanding

It should be noted that as the students' knowledge increases the power of the rules do
aswell. Certain computationsthat should be made explicit by studentsjust learning al-
gebra, would be needlessly tedious to do explicitly by a student in the calculus. The
derivation system has been made sensitive to these differences and the rules have been
designed to become more automatic in their handling of algebra the further along the
student isin the course.

Students must demonstrate comprehension of rules

Every timearuleisintroduced intothe derivation system, studentsare expected to spend
5 to 10 minutes working simple problems to familiarize themsel ves with that rule. Af-
terwards they work a series of more difficult problemswhich requireuse of that rule. In
addition to problems which must be solved within the derivation system, students have
limited access to the derivation system when working other problems and may choose
to solve some of them with the aid of the system.

Thereisan issuewhich arises here, however, concerning the nature of solving prob-
lems within the derivation system. Asin any symbolic computation environment, the
work that the student actually does isrule application. The student does not have to do
thecomputations. Assuch, just because astudentisabletoarriveat thecorrect answerin
the correct way, does not guarantee that the student compl etely understandsthe process.
For instance, a student might know that to find the derivative of an expression, he must
first differentiate, then apply derivative rules, and finally collect terms and rewrite the
expression, without actually being able to perform the computations on pen and paper
needed to arrive a the answer.

We achieve thiswithin the derivation system by requiring studentsto earn the right
to use a rule by demonstrating that they are capable of producing the correct answer
themselves. When a student isfirst learning how to use arule, he or sheis often asked
to supply theresult after he or she has attempted to apply therule. The system displaysa
partial form of the result and asks the student to supply the missing part. Asthe student
becomes familiar with therule, we decrease the probability that the student will be asked
to supply theresultsof the application. By forcing astudent to do thiscorrectly acertain
number of times at first, and occasionally throughout the course, we make sure that the
student can do the computation embodied in the rule. Moreover by randomly forcing
students to do this throughout the course we can make sure that students do not forget
how to do these computations.

M etacognition

Having students articul ate their reasons for the steps they take in a derivation not only
alows for an evaluation of their understanding, it actually deepensit. Each vdid rule
of computation must be explicitly acknowledged as it is used. In solving a problem
students may consider the power and applicability of severa rules before choosing the
one they consider most appropriate. Through the repetition of thisprocess throughout a
course students' comprehension of material isimproved, and they are made morelikely
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to retain what they have learned (Cuasay 1992).

5 Logical structure of aderivation

Because the derivation system issupposed to represent inference, thelinesinthe deriva
tion must be more than a collection of unrelated statements. Some sort of logical struc-
ture must be imposed. This structure needs to be more than chain of implication. Con-
sider for instance the solutionsto the equation |« — 3| = 5. In solving this problem, one
first assumes that « — 3 is positive and later that « — 3 is negative, and solves the re-
sulting equationsin each case. Related rates and rel ative extrema problems afford even
more dramatic examples. Even though we are making severa assumptions, we are not
interested in each of these assumptionsbeing trueat once, but only inwhat each of these
assumption taken in turn alows us to conclude.

We need to make sure that the conclusion arrived at in each strand is correct, but do
not need to worry about the compatibility of the different strands, unless wetry to com-
binethem insomeway. When aruleisapplied which causes two strandsto be combined,
one must verify that there are no contradictory assumptionsin the strands. If there are
none, the rule can be applied and the new step added. If thereis one, then theruleis
not applied and the student iswarned that thereis a problemwith applying that rule. As
such, the structure of the derivation is graph like and not simply linear. Each assump-
tion creates anew branch of the graph, and each conclusionisanode, dependent on the
assumptionsfrom which it stemmed.

Intermediate steps in derivations and important partia results are stored on hum-
bered lines in the derivation history. Because of space considerations and custom we
write each assumptionson itsown line, rather than trying to preserve thetrue tree struc-
ture of the derivation. When a given line is selected a system of color codes is used to
indicate how the expressionsin the derivation depend on each other. Studentswho wish
to may select to see the entire dependency tree of the derivation. We do not display it
all the time because we prefer to keep the immediate focus on the mathematics at hand
by minimizing the logical machinery that the students need to be aware of.

5.1 Restrictionsand logical machinery

For a derivation system to represent inference it is essential that the system be able to

keep track of the assumptions that must be made about a given expression before one

can apply aparticular inference ruleto it. These assumptions arise from restrictionson

the application of the standard a gebraic rules. We return to our example from above.
We started with the assumption:

1. a=0

and attempted to divideboth sidesby a. The particular inferencerulewewished to apply
in this case is the conditional statement: if one divides both sides of an equation by the
same term, the result will be an equality provided that the term was not equal to 0.

If we attempt to apply this rule to line 1 using the term «, we can recognize that
we have a contradiction, and as such can inform the student of this by displaying an
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appropriate error message. Thus rather than adding the new line:
0

o & _7
a a
the derivation system displaysthe message “ Thisruleis not applicable since it involves
division by zero.”

Ideally, one would require studentsto demonstrate that the antecedent of theruleis
satisfied before one would allow them to apply the rule. Thisis not always practical,
however, since one does not aways have an explicit value for agiven variable.

For this reason we preserve validity by adding the appropriate assumption to the
derivation in the form of arestriction. For instance if we had:

1. a=0

and wanted to divide both sides of the equation by some new term & we would add the
lines:

2. b#£0
a 0
S TTY

The reason we can add these two statements as separate lines rather than asjust asingle
line:
, a 0
2. Ifb 30, then o =~
is because we are interpreting the relation between the lines in the same branch of a
derivation as being linked by implication and as such there is no difference between the
derivation with lines 1-3 and the derivation with lines 1 and 2'. Because line 3 comes
from lines 1 and 2, any inference rule we apply to 3 must not have antecedents which
contradict 1 or 2.

We call these lines added to the derivation because of their rolein the antecedents of
inferencerules”restrictions.” 1t should be noted that if weweretoleavethe conditiona's
intact, the resulting system would be needlesdy more complicated in that it would re-
quirethat the students make the assumptionsin the antecedent explicitly and then apply
modus ponens. By having the program add the antecedents automatically to the deriva
tion as restrictions, it makes the resulting system much more suitable for students.

5.2 Additional restrictions

The restrictions discussed above are generated by the algebraic form of the expression
in question and can be expressed in a natural way in equational form. This makes it
natural to add these restrictionsto the derivation system automatically. However, there
are three other types of restrictions which aso must be accounted for if the derivation
system isto adequately represent inference.

Thefirst class of restrictions are assumptions about differentiability and continuity.
These assumptions can not always be trandated into equationa form. In these cases,
even if the derivation system cannot establish thetruth of an antecedent assumption, the
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program should still add the antecedent assumption explicitly to the derivation. Thus
if in the case of differentiating f(z) = «, the program could not determine whether
or not f was differentiable, it should apply the rule and then add the assumption of dif-
ferentiability explicitly to the history of the derivation. If an apparent contradictionis
obtained at some later point, then this assumption may be identified as the source of the
difficulty.

The second class of restrictions are assumptions concerning the domain over which
a stated equality holds. Suppose one has the equations, « = 3 and « = 5. If these
statements are supposed to hold at aparticular point, then we may not allow some stepin
aderivationtorely upon both. If « isafunction which assumes these values at different
points, then internally we assign « an independent variable and track theseas a(tp) = 3
anda(t,) = 5toindicatethat ¢ attainsthese valueat distinct locations. Thisassumption
will also determine whether « can be considered as a function in terms of ¢.

Thethird class of restrictionsare those concerning rel ations of dependency between
variables. Often times in the calculus one makes decisions about which varigbles are
independent and which are dependent. These relations determine the applicability of
rulessuch as theimplicit function theorem. Similarly, one’ sability to convert equations
that contain no explicit function notation into statements about functionsin which the
dependent variableis explicit depends on the assumptions one has made in the course
of the derivation. For example, if one has aderivation containing thelines:

p. r+y=3
r. 3dx4+y=>5

one can combine these equations and solvefor z and y if onewants. However, one can-
not do thisif one has a ready made assumptions about the dependency rel ations between
z and y. If onehas previously decided that in both cases y isto be considered afunction
of « thentheresult of combining these equati ons changes the nature of the dependency,
as z isnot longer afree variable.

5.3 Theneed for restrictions

Unless one keeps track of the restrictionsas they arisein the derivation system, the sys-
tem will not meet the needs of students. If the result of a derivation is literally false,
than students who do not catch the error will be misled and those who do catch it will
be confused. Neither case isdesirable.

Thecdculusislittered with examples wherethefailure of standard symbolicagebra
packagesto track such restrictionsallow studentstowander into nonsense. For instance,
if one hasthe function

flz) =a°

and asksfor itsderivative, the standard response will be
f(z) =a"loga

What the program does not note is that depending on the value of « there are restric-
tions that must be placed on the domain of the function. Moreover, the domain of the
derivativeis even more restricted.
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Mathematically knowledgeable users of the software understand these domain re-
gtrictions and know how to avoid getting into trouble. A student isin no positionto do
this, particularly if the software itself gives no warning that there is anything unusua
about the result. The problem is that the symbolic package has applied the derivative
rule for expressions of the form ", viz, %ax = a” loga, without examining issues
of domain. A student might conclude from thisthat -£(—2)® = (—2)® log—2. The
derivation system avoids thisby the use of appropriate restrictions.

A similar problemarisesinintegrationwhentryingto eva uate definiteintegral ssuch
as f_ll Hi—(ﬂ dz. 1t isnot enough to apply the symbolic rule, since the validity of the
application of the rule depends on satisfying an antecedent. In this case the antecedent
requires, among other things, that the expression being integrated is defined across the
entireinterva of integration.

Whilethe integrands algebraic form adds therestriction « # a, we must aso know
that since this expression occurs in the context of an integral, « ¢ [—1, 1] must be true
aswell. Unlessthe derivation system is sensitive to issues of domain which determine
whether or not a certain rule is applicable, the system will allow students to produce
mesaningless results that cannot but add to their confusion.

5.4 Logical knowledgerequired

Inview of therolethat restrictionsplay in thederivation system, the question arises asto
how much logical knowledgethe studentsrequirein order to be ableto usethederivation
system. Clearly at a minimum they must be aware of what a derivation is and that the
linesarelogically connected since studentswho use thederivation system are essentially
constructing proofs.

From the students' point of view, however, these are informal proofs, fairly rigor-
ous, but not numbingly explicit. It isnot pedagogically justifiableto require studentsto
be aware of all axioms and rules of inference for the predicate cal culusin order to work
algebraproblems. Students should be made aware only of that which ismathematically
necessary for their understanding of the content and effective use of the system. Conse-
guently, though the system internally uses much logica machinery to track theinterde-
pendencies of the lines of work, students need only have a passing familiarity with the
most natural and mathematically essentia aspects of logical deductionsin order to use
the system.

55 Theunderlying engine?

At thispoint we would like to address a question which arises naturally out of the above
critiques of commercial symbolic computation packages, namely whether or not they
have any use at all within asystem designed for students. Aswe stated in the beginning
of this paper, we do not dispute the claim that such programs can play important roles
in enabling students to explore mathematical concepts. What we wish to examine is
whether commercia programs have aplace in the roleplayed by our derivation system.

There are two separate questionsto be addressed here depending on how widearole
one wishesto assign to the program. If one is asking whether something like Mapleis
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suitable by itself for thisrole, the answer will have to be aresounding no. For reasons
articulated by ourselves throughout this paper, (for similar arguments see the contribu-
tionof Beeson inthisvolumeand Kgjler and Soiffer 1996), Mapleisclearly not uptothe
task unaided. The question therefore becomes whether a commercia system can have
any place within a pedagogically adeguate system.

This second question is more suble. In his paper in this volume, Beeson gives ar-
guments that the answer to this question should also be no. While we appreciate his
arguments we do not share in his conclusion. In fact our derivation system as it cur-
rently stands makes use of the C-callablekerna of MapleV release 2. Thisgivesusac-
cess to the vast knowledge built into the Maplelibrary. We have built our own semantic
machinery but we have not developed a full blown symbolic computation system from
scratch.

The reasons underlying our decision for this our two fold. Thefirst is our recogni-
tion that programs like Maple represent massive programming efforts coupled with the
feeling that to repeat such an effort would be awaste of resources. It isour belief that,
suitably used, such symbolic computation programs provide a powerful resource.

Exactly how powerful aresource they provideis something that can only be deter-
mined after the derivation system has been completed. It may be the case that we will
find that unless we have complete control off al computations from start to finish we
cannot preserve all the information we need. In this case we will find ourselves a the
end of the day having supplied al the features of Maple that we use and our position
will have converged with Beeson's.

Our second reason for using Maple stems from the realization that when students
complete this course and move into more advanced courses they will find themselves
working with existing symbolic computation programs. To prepare them for this the
course must ween them from their dependency on the error checking provided by the
derivation system and help them devel op their own ability to act as their own auditors.
By incorporating Mapleinto our derivation system and giving them access to it through
the course we hopeto facilitate their eventud transition to regular users.

6 Twoexamples

Thefollowingtwo examplesillustratehow the derivation systemisused. Thefirst exam-
ple shows a problem from algebra and discusses how students at different levels might
solveit. The second example shows a problem from the integra calculus.

6.1 Examplel
6.1.1 Problem
Tofactor 22 + 22 — 18z — 9

6.2 A First Year Algebra Student

A first year a gebra student encountering a problem likethishasjust |earned about com-
bining like terms, and grouping. Consequently, he or she should attack this problem
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by grouping terms, to see if common factors exist. In this case, one could highlight
223 + 2, then click on the “add parentheses’ rule in the grouping rule group. One
may then factor out 2 simply by highlightingthe termsin the parentheses, holding the
SHIFT key down while highlighting =2 (or typing =2 in the INPUT window), and ap-
plying the “Factor out an expression” rule. Thisyidldsz?(2z + 1).

Similarly, onegroupsthe — 18z —9 termstogether, and factorsout —9 toyield 2 (22 +
1) — 9(2z + 1). Finaly, using either the “Combine Like Terms’ rule or the “ Distribu-
tive” rule (both in the grouping rule group) with the entire expression highlighted will
give (z? — 9)(2x + 1). (One could aso highlight the whole expression, then highlight
just one of the 2z + 1 terms with the SHIFT key held down, and apply the “Factor out
an expression” rule.

At thispoint, one may factor z? — 9 in three ways:

1. by using the “Difference of squares’ rule (after replacing 9 by 3?) or

2. by typing one of itsfactorsin theinput window and using the “ Factor out an ex-
pression” rule.

3. if oneisfar enoughin the course to have received the quadratic formula, one may
apply the “Factor quadratic” rule.

If onenoticed adifferent pattern, one could sol vetheorigina problemwiththissame
method after first transposing themiddletwo terms. Highlightthe —18z term and hit the
left arrow key: theresult will be 223 — 18z + 22 — 9. Onemay factor 2 out of thefirst
two termsin theway described above, then group thelast two termsto get 2z (2% — 9) +
(z? — 9) and proceed as before.

6.3 A Second Year Algebra Student

A somewhat more sophisticated student might solve the problem by directly dividing
out factors. To do this, one highlightsthe entire expression, types afactor into theinput
window, and appliesthe “ Factor out an expression” rule.

If oneseesthat 3isaroot of the polynomial, for instance, one could factor out = — 3.
Selecting the polynomial, typing = — 3 into the input window, and applying the “ Factor
out an expression” ruleyields (z —3)(2z% 4 7z +3). Onecould thenfactor 22?4+ 72+ 3
inavariety of ways:

1. If one sees afactor, one may apply the “factor expression” rule again

2. One may complete the square. First factor out 2 using the “factor expression”

rule. Thisgives2 (2% + Iz + 2). Thenreplace 2 by 2 + 22 — £ ‘and usethe
arow keys: 2 (z” + 2+ 22 4+ 2 — 42} Usethe “Add parentheses’ rule to put

the perfect square together, then apply the “ Perfect square” rule. We now have

NN N
4 2 16
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Now highlightthe 2 — 42 and use the “Arithmetic” rule. Thisgives

((e+3)-2)

which can besimplified further by applyingthe“Difference of squares’ rule (after

replacing 22 by (2)2. Now we have

16
ttyta)\t g

which, after using the “ Arithmetic” rule, becomes

2(z +3) (x-I—%) :

3. One may apply the “Factor quadratic” rule.

A student in ahigh-level course who needs to factor thispolynomial, might use any
of the above methods; but he or she would also have access to the“MAPLE factorize”
rule, which can perform the factorization in one fell swoop, leaving him or her to focus
on the application of the factorization to whatever the real problem at hand might be.
Similarly, the“Factor quadratic” ruleisusable only by studentsin second year algebra,
asit appliesthe quadratic formula. Students at the beginning of the algebra course are
not allowed to use even the “Factor out expression” rule until they demonstrate a profi-
ciency with factoring using still more basic rules.

6.4 Example2
6.4.1 Problem
To evaluatef e’ cos(3z) dx.

6.4.2 Solution
We begin with the definition of a function:
1. f(z) = e** cos(3x)

Weclick onthelntegral rulegroup and choosetherule® Antidifferentiateboth sides.”
This gives us the equation:

/f(l‘) dr = /ezx cos(3x) dw

which we save as equation 2. in the history window.
We now choose the “integration by parts’ rulein the Integral rule group. We need
to highlight the term that will be 4% in the integration by parts formula [ w4 de =
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wu-v— | vj—g dz 4+ C. If we choose cos(3z) (by holding down the mouse button and
passing over the term) we will get:

/f(x) de = 2 . %sin(i%x) - / %sin(i%x) 2e¥ dx + C

We could choose to save thisto our history window as is, but we instead do some ad-
ditiona simplification first. Using the arrow keys and “arithmetic” rule we collect the
coefficients in the integral:

/f(x) de = e* . %sin(i%x) - / % sin(3z) - e** dx + C

And now, the “Extract a constant factor” Integral rule gives us:

1 2
/f(x) de = e*® . 3 sin(3z) — 3 / sin(3z) - " de + C

Again, we could click on the“save’ button, but it isn’'t really necessary.

We now apply integration by parts again, and again choose the trigonometric func-
tion inside the integral (thistime it'ssin(3z)) to play the role of 42 (if we choose the
exponential function, wewill simply undo al our work!). Now we have:

/f(x) de = €¥. %sin(i%x) — % (—ezx . %cos(i%x)

—/ (—% cos(3x) - Qezx) dz + C'l) +C

Thistime, we'll save our formula as line 3. in the history window—in case we go
wrong in the simplification, we can return to thiswithout having to redo our work. Now
we will do more simplification. First, as before, we bring the —% out of theintegral.

/f(x) de = €. %sin(i%x) — % (—ezx . %cos(i%x)

2
—|—§/cos(3x) e dx + C'l) +C

The integral which remains is the same as the right hand side of line 2. in the history
window: that is, itisequivaentto [ f(x) d! To make the substitution, we must rear-
range thetermsinside our integral to match the order of thetermsin theintegra inline
2. Thisis done with the arrow key. Next, we highlight the whole integral, select line
2 and choose the “ Substitute a value for an expression” rule from the Substitution rule
group. Thisgivesus:

/f(x) de = €. %sin(i%x) — g (—ezx . %cos(i%x)

+§/f(x)dx+01) +C
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We savethisasline4. and now need only do somebasic algebrato finish. We usethe
distributiverule(inthe Grouping rulegroup) tomultiply out — 2 (—¢?” - 13 cos(3z) + 2 [ f(=
We now have:

1 2 1
/f(x) de = €. 3 sin(3x) + ger . gcos(3x)

2 2 2

Then, we highlight the —2 - 2 [ f(z) da and use the arrow keys to move it to the left
hand side of the equals sign:

/f(r)dx— (—— /f ) = 62x~%sin(3x)

2 1 2
—1—56% '3 cos(3x) — 301 +C

Again, weturnto the Grouping rule group. The“Cancd minussigns’ rulewill bring us

/f( ) dx —|— - /f ) de = €* %5111(31‘) g %cos(i%x) — gC’l +C

And the distributiverule, applied first to the entire left hand side, then to the first two
terms of theright hand side, will give us:

/f Ydz - (1+ § g) e . % (sin(3x) + %cos(i%x)) — gC’l +C

We may use the arithmetic rule to replace (1 + % . ) by ; the Equation rule group
gives us arule to divide both sides by 13/9; the Fractlon rule group gives us rulesto
cancel and simplify termsin the fractionsto yield at last

3, . 2 6 9
/f(x) dr = ﬁe (sm(3x) + 3 cos(3a:)) 1301 + 130

We click on the“QED” button and are told:
WEell Done. You have correctly solved the problem.
There are several thingsto notice about the derivation above:

¢ The system ignoresthe constants of integration in determining the correctness of
the answer. Doing the problem a different way, say by letting ¢ be 2 for both
applications of integration by parts, might well result in different constants of in-
tegration.

e Thereisagreat deal of flexibility in which linesare saved in the history window.
It was necessary to use one early line later in the proof for substitution, but the
other lineswere saved only for convenience (in case one wanted to start over from
a certain stagein the problem) or clarity.
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e Much algebraic smplificationisoptional. For thisproblem, any a gebraic answer
whose derivativeise?” cos(3z) will be accepted. Most simplification, as in off-
linework, isfor the benefit of the student’svision. Of course, some simplification
was hecessary to justify the substitution of theoriginal integral back intothe equa-
tion.

7 What isgained

Having described the derivation system and explained how it addresses severa deficien-
cies foundin common symbolic computation packages, weturn to an examination of the
pedagogical benefitsderived fromit. These benefits, coupled with the semantic process-
ing of student input discussed above, are the true benefits afforded by symbolic compu-
tation.

7.1 Instant feedback with flexibility

The most immediate benefit of incorporating the derivation system into a mathemat-
ics courseisthat it allows students to get instant feedback on their work. Thisistrue
both with free response answers solved by students without use of the derivation sys-
tem, and with answers produced in the derivation system. In traditional courses, several
days may pass before a student receives graded work back from an instructor, which
may allow erroneous patterns of reasoning to become settled. With immediate answer
checking—which extendsto checking each step for problemsdoneentirely inthederiva-
tion system—students can recognize their misunderstandings as soon as they develop
and seek help to correct them.

Instant feedback in computer-based courses does not absolutely require the use of
symbolic computation software; however, such software all ows semantic-based check-
ing of answers and maximum flexibility of response. Inasimilar way, step-by-step eval-
uation does not absolutely require the use of a derivation system. Some courses try
to evaluate students on a step-by-step level by specifying the steps to be applied and
prompting students to type in each intermediate result. In essence, this decomposes
complex problemsinto simple problems, each of which must be answered by the stu-
dent. Yet there may be many correct approaches to solving a complex problem, and
many reasonabl e choices for intermediate results. That studentswill take wildly differ-
ent pathsin reaching thegoal in a derivation has been well documented in both our logic
and set theory courses (Kane 1981; Suppes 1981). A derivation system alows step-by-
step evaluation while alowing students to decide for themselves what steps to take in
solving a problem.

7.2 Forced demonstration of understanding

In addition to focusing on what has been recently learned and in giving studentsinstant
feedback, the derivation system plays a crucial role in moving beyond the traditiona
limitationsin eval uating student understanding. Traditional computer instruction eval-
uates a student’s performance soldy in terms of whether he or she produces correct an-
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swers. It does not examine the process that the student went through to produce those
answers. Assuch, it cannot adequately assess student understanding. A student, espe-
cialy in mathematics, should always be ableto justify how an answer was arrived at.

Forcing studentsto solve problemsin the derivation system by applying rulesisone
way to evaluate whether or not the students understand the process of how to arrive at
the correct answer. If the correct answer is given and the steps taken en route to the
answer are all judtified, then the student in some sense understands how to produce the
answer. Thistypeof evaluation of understanding iswhat exercisesin derivation systems
normally afford.

More than thisis desirable, however, since within a derivation system arriving at
answers does not entail that one completely understands the computational process re-
quired to producetheanswer. Thisconcern isparticularly urgentin courseslikea gebra,
in which one major objective (though by no means the only one) is to teach students
how to perform a certain class of computation. To some degree the measure of ones
knowledge of algebrais simply how well one can do agebraic computations. While
thisiscertainly not the only criterion for understanding, it is often the sole criterion used
on standardized examinations. It is essentia to make sure that students not only know
which rules might be appropriatein aparticular situation, but also are ableto apply the
transformations themsel ves.

As mentioned above we achieve thiswithin the derivation system by requiring stu-
dentsto supply partia result after they have applied rules. The system displaysa partial
form of the result and asks the students to supply the missing part. By forcing a student
to do this frequently at first and periodically throughout the course, we make sure that
the student can do the computation embodied in therule.

8 Limitationsand desiderata

The EPGY softwareis constantly under review, as feedback from our students poursin
daily. To support our existing student base, we attempt to improve our courses and ad-
dressobserved deficienciesas quickly aspossible. At therealitiesof managing hundreds
of students of varying degrees of technica sophistication, each running our software on
hisor her own computer withitsown particul ar idiosyncrasi es make the potentia conse-
guences of implementing hastily improvised solutionsquite unpleasant. Asthe number
of students using our software has grown we have come to learn the importance of the
careful collection and analysis of data concerning how students actually use the pro-
gram. The importance of usability testing discussed by Avitzur in his contribution to
thisvolumeis alesson we have learned well and often over the past few years.

There are many improvements we hope to add to the derivation system in the next
few years. Most immediately, we intend to improve the range and quality of error mes-
sages, offering students who attempt to misapply rules a more compl ete explanation of
the nature of their error, together with suggestionson what to do instead. Expanding our
existing help system to contain pointers to appropriate places in the course would also
help acheive thisgod.

Along theselineswewould also liketo build student proofs directly into thederiva
tion system. At the moment students who wish to see a complete proof of a derivation
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currently must contact their instructors. One way, requiring little programming effort
but agreat deal of editing, would be to hard-wire solutionsto each assigned problemin
each course; another way would beto extend the system to generate automated solutions
to wide classes of problems.

Still another method, intriguing in its use of student data, would be to collect and
compare solutionsaready generated by students running the course and select the best
(measured by some automated criteria) to be included in future releases of the course.
Incentives could be offered to inspire students to come up with the shortest, or most
elegant solution, but they key point is that as this data is aready being collected and
analyzed, it would be anatura to automatically incorporate such proofsinto subsequent
versions of the program.

There are improvements we would like to make involving speech recognition and
handwriting i nput which we mention here without el aboration.

8.1 Validity v. vacuity

Asmentioned above we ensuretheliteral validity of thederivation by including al con-
traints and dependencies needed for the valid application of each rule used as additional
lines of the derivation. In thisway, any finished derivation must be literaly correct, as
assumptions sufficient for each step are included as hypotheses in the history window.

In doing this one faces a trade off between halting a student derivation when one
detects that the application of aruleleads to acontradiction and alowing the derivation
to continue as true but vacuous. While the ided is to detect errors when possible, we
can not catch all such errors. It is possibleto derive a seemingly fa se result; however,
if one carefully checks the restrictionslisted in such a derivation one will discover that
the domain for which theresult holdsis empty. Theresult islogicaly valid, but may be
misleading.

Thisdifficulty isonecommon to any effort to guarantee thevalidity of student deriva
tions. Indeed the work done by Beeson faces a similar problem, for as many clerical
restrictions in MATHPERT are displayed only when requested, it may be possible to
derive a seemingly false result without seeing the internally stored restrictionsthat in-
vaidateit.

Aswe collect dataon what sorts of contradictionsarise most frequently we hope to
improveour ability to detect them whenthey arise. Evenif onecannot in principlenotice
all contradictions, one may be able to detect most of the ones which arise naturaly in
the specific body of curriculum for which our derivation system has been designed.

8.2 Forced justification of results

A more extreme way to test the ability of studentsto both compute and to justify their
answers is to transform the derivation system into what we have dubbed a “justifica:
tion system.” A justification system inverts the normal order of the derivation system
in requiring students to first perform a computation themselves, and then to justify the
computation by selecting the appropriate derivation system rule as justification. The
derivation system is then used to evaluate the justification to make sure that the com-
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putation performed by the student was correct. This style of work is reminiscent of the
traditional two column style of giving geometry proofswhere students are asked to list
there statementsin the left column and to give the reason justifying the statement in the
right column.

Whileasystem like thiswould be tediousto use if one had to input extensive mathe-
matical expressionswith akeyboard, it would not be so if one could input answers with
a pen and tablet, using full handwriting recognition of two dimensional mathematical
notation. With this method of input, working in the justification system would be es-
sentially the same as working on paper the way students normally do when forced to
show al of their work. By forcing the studentsto cite the rule which licenses their in-
ference, the derivation system could verify that the student’s computation was in fact
correct. Thiswould provide the studentswith theideal environment in which to do as-
signments. They would be allowed to progress until they made an error at which point
they would be asked to explain themsel ves. When correct they would be allowed to con-
tinue but when incorrect they would arrive at the source of their error. This has definite
advantages over the traditional mode for student homework and instructor response.

8.3 Automated solution generation

Another desideratum that we have yet to investigateis the automatic generation of solu-
tionsto derivationsthat are appropriateto student level sof understanding. Some promis-
ing work has been done by those working in the field of artificia intelligence in edu-
cation, particular those working on intelligent tutoring systems (Nicaud 1994; Beeson
1990; Oliver and Zukerman 1991). The common approaches to these sorts of systems,
combine symbolic computation environments with models of student problem solving
to createtutoria systemsinwhich studentscan work problemsand receiveinstructionin
the form of hintswhen they are stuck. They can a so have the computer solve problems
from some set of types.

In the introduction of Nicaud (1994), the author laments the fact that despite much
work on intelligent tutoring systems since their inception in 1972, few are currently in
use and few have been shown to have good teaching capability. He writes: “Many re-
searchers who worked in this field have changed their goals and are now working on
educative but non-teaching environments...Many researchers have more or less reached
the conclusion that intelligent tutoring systems areimpossible” We at EPGY have not
reached this negative conclusion. We have concluded, however, that prior to working
on such systems one should accomplish two goals, namely:

o the development of a derivation system that allows studentsto solve problemsin
anatural way, without causing deviation from the strategiesthat they would apply
when working with pen and paper; and

o thecollectionof asignificant amount of dataonhow studentsactual ly reason about
problems, particularly when required to show al their work.

Aswe deepen our understanding of student solutionswe will begin to address thisissue.
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9 Final remarks

In thisarticlewe have discussed the role symbolic computation playsin an existing cor-
pus of computer-based courses. Whilelittlein our work may be new from atheoretical
standpoint, we have created what we believe to be the largest body of self-contained
computer-based courses in mathematics at the secondary school level that are in gen-
eral use. Thisin turn has enabled usto test the effectiveness of new techniques by see-
ing if they doin fact improve student results. Asour courses arerefined and we beginto
analyze the data we have collected, we hope to deepen our understanding of what just
exactly are the pedagogical ramifications of symbolic computation.

9.1 Availability

The software discussed herein is not commercialy distributed. It solely for use by stu-
dentstaking courses through the Stanford University Continuing Studies Program from
the Education Program for Gifted Youth. For up-to-dateinformationabout EPGY or the
EPGY course softwaresee ht t p: / / www epgy. st anf ord. edu.
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