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Lecture Summaries for Multivariable Differential Calculus M52A

Lecture 01 (x13.1) : Multivariable Differential Calculus. An introduction to the
three dimensional Cartesian (or rectangular) coordinate system; discussion of the right-hand
rule; coordinate representations of the coordinate axes, coordinate planes, and planes parallel to
the coordinate planes; the distance formula in 3-space.

Lecture 02 (x13.1) : Graphs in 3-space. An introduction to graphing equations in 3-space;
discussion of equations of spheres and cylindrical surfaces.

Lecture 03 (x13.2) : Vectors. An introduction to vectors; discussion of the geometric
representation of vectors by directed line segments (or arrows) in 3-space; de¯nitions of initial
point, terminal point, equality of vectors, the zero vector, scalars; de¯nition, discussion, and
geometric representation of vector addition, subtraction, and multiplication by scalars.

Lecture 04 (x13.2) : Coordinate Representations of Vectors. Coordinate represen-
tation of vectors in terms of components; proofs of the basic properties of vector algebra using
coordinate representations.

Lecture 05 (x13.2) : Norms, Unit Vectors, & Decomposition. De¯nitions of norm
of a vector, unit vectors, normalization, linear combination, and the standard basis vectors i, j,
and k ; decomposition of a vector into a scalar times a unit vector; decomposition of a vector
into a linear combination of the standard basis vectors.

Lecture 06 (x13.2) : Vector Addition and Resultant Forces. Discussion, examples,
and applications of the principle that if two forces, represented as vectors F1 and F2, act on
an object, then the two forces have the same e®ect as the single force represented by the vector
F1 + F2.

Lecture 07 (x13.3) : The Dot Product. De¯nition of dot product (or inner product);
proof of the basic algebraic properties of dot products; proof that for nonzero vectors u and v,
u²v = jjujj ¢ jjv jj cos µ, where µ is the angle between the vectors when drawn with common initial
point; de¯nition of orthogonal vectors.

Lecture 08 (x13.3) : Direction Angles. De¯nition and discussion of direction angles and
direction cosines.

Lecture 09 (x13.3) : Orthogonal Projections. Proof that if e1 and e2 are orthogonal
unit vectors in 2-space, and v is a nonzero vector in 2-space, then v = (v²e1)e1 + (v²e2)e2;
de¯nitions of the vector components of v along e1 and e2, scalar components of v along e1 and
e2, and the orthogonal projection, projuv, of v on a unit vector u.

Lecture 10 (x13.4) : Cross Products. De¯nition of the cross product; discussion of
determinants and the relationship with cross products; proofs of the basic algebraic properties of
cross product, including non-commutativity and non-associativity; computation and discussion
of the results i£ j = k, j £ k = i, and k £ i = j.

Lecture 11 (x13.4) : The Geometry of Cross Products. Proof that if u and v are
nonzero vectors and µ is the angle between them, then u£v is the unique vector that is orthogonal
to both u and v, has direction given by the right-hand rule, and has norm jjujj jjv jj sin µ; proof
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that u and v are parallel if and only if u £ v = 0; proof that the parallelogram with adjacent
sides u and v has area jju£ vjj.

Lecture 12 (x13.4) : The Scalar Triple Product. De¯nition and discussion of the scalar
triple product and its relationship to determinants; proof that u²v£w = w²u£v = v²w£u and
u²v £w = u£ v²w; proof that ju²v £wj gives the volume of the parallelepiped with adjacent
sides u, v , and w; proof that u, v, and w lie in the same plane if and only u²v £ w = 0;
discussion of the coordinate independence of the dot product and cross product.

Lecture 13 (x13.5) : Parametric and Vector Equations of Lines. Derivation of
parametric equations and vector equations for lines in 3-space.

Lecture 14 (x13.5) : Problems Involving Lines in 3-space. Various examples and
problems using vector and parametric equations of lines in 3-space, including how to ¯nd vector
and parametric equations for lines and line segments between two points, and how to determine
if two lines intersect; de¯nition of skew lines.

Lecture 15 (x13.6) : Equations of Planes. De¯nitions of vector perpendicular to a plane,
normal vector for a plane, plane parallel to a plane, and vector parallel to a plane; de¯nition and
derivation of point-normal equation for plane passing through a given point and having a given
normal vector; de¯nition of the general form of an equation for a plane, and proof that every
equation of that form describes a plane; discussion of several examples and relevant existence
and uniqueness questions.

Lecture 16 (x13.6) : Planes: Angles and Distances. De¯nition of the acute angle of
intersection between two intersecting planes; proof that the acute angle µ between intersecting
planes with normals n1 and n2 is given by cos µ = jn1²n2j=(jjn1jj jjn2jj); proof that the dis-
tance between the point (x0; y0; z0) and the plane ax + by + cz + d = 0 is jax0 + by0 + cz0 +
dj=
p
a2 + b2 + c2; proof that the distance between the parallel planes ax+ by + cz+ d1 = 0 and

ax+ by + cz + d2 = 0 is jd1 ¡ d2j=
p
a2 + b2 + c2.

Lecture 17 (x13.7) : Traces. De¯nition of the trace of a surface in a plane; discussion and
examples showing how a surface can be reconstructed from various traces, and how to obtain
trace curves from an equation de¯ning the surface.

Lecture 18 (x13.7) : Graphing Quadric Surfaces. De¯nition of a quadric surface; more
examples of the use of the trace technique to construct graphs of second degree equations in x,
y, and z; dicussion and example of the e®ect on the graph of an equation when x, y, and z are
replaced by x¡ ®, y ¡ ¯, and z ¡ ° (where ®, ¯, and ° are constants).

Lecture 19 (x13.8) : Cylindrical Coordinates. De¯nition and discussion of cylindrical
coordinates; graphs of equations of the form r = r0, and µ = µ0; conversion between cylindrical
and rectangular coordinates.

Lecture 20 (x13.8) : Spherical Coordinates. De¯nition and discussion of spherical
coordinates; graphs of equations of the forms ½ = ½0, µ = µ0, Á = Á0; conversion between
spherical coordinates and rectangular or cylindrical coordinates.

Lecture 21 (x14.1) : Vector-valued Functions. De¯nition, discussion, and examples of
vector-valued functions, their domains, graphs, and orientations.

Lecture 22 (x14.2) : Calculus of Vector-valued Functions. De¯nitions of limit,
continuity, di®erentiation, and integration of vector-valued functions; proofs of the basic prop-
erties of di®erentiation and integration, including the Fundamental Theorems of Calculus for
vector-valued functions.
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Lecture 23 (x14.2) : Geometry of Derivatives. De¯nition of the tangent vector, r0(t),

and tangent line to a curve; proof that r0(t) = limh!0
r(t+h)¡r(t)

h
; geometric argument showing

that r0(t), if nonzero, is indeed tangent to the graph of r; proof of the \product rules" for
di®erentiating dot products and cross product; proof that if the graph of r lies on a sphere
centered at the origin, then r(t) and r0(t) are always orthogonal.

Lecture 24 (x14.3) : Changes in Parametrizations of Curves. De¯nition of a smooth
vector-valued function; de¯nition of smooth change of parameter; discussion of general method
for constructing many parametrizations of a given curve; proof that if r1 is a smooth parametriza-
tion of C and g is a real-valued di®erentiable function then d

d¿ (r1 ± g)(¿) = r01(g(¿)) ¢ g0(¿), and
if g0 is continuous and nonzero then the composition r1 ± g is a smooth parametrization of C;
illustration of these results in various examples.

Lecture 25 (x14.3) : Parametrizations in Terms of Arc Length. Review of arc length
of a curve in 2-space; de¯nition of arc length of a curve in 3-space; de¯nition of a parametrization
of a curve in terms of arc length (\arc length parametrization"); discussion showing how, using a
smooth change of parameter, an arc length parametrization of a curve can be constructed from
any given parametrization; proof that if r(s) is an arc length parametrization of a curve, then
jjr0(s)jj = 1 for all s.

Lecture 26 (x14.4) : Unit Tangents, Normals, and Binormals. De¯nitions, dis-
cussion, and examples of unit tangent vectors (T), unit normal vectors (N), and (for curves in
3-space) binormal vectors (B); formulas for these vectors in terms of arc length parametrizations;
de¯nition of the TNB (Frenet) frame; proof that B can be expressed as r0 £ r00=jjr0 £ r00jj.

Lecture 27 (x14.5) : Curvature. Informal discussion of curvature; formal de¯nition and

discussion of curvature, ·; proof that for any parametrization r(t) of a curve C, ·(t = t0) =
jjT0(t0)jj
jjr0(t0)jj ,

and ·(t = t0) =
jjr0(t0) £ r00(t0)jj
jjr0(t0)jj3 .

Lecture 28 (x14.5) : Computations of Curvature. Computations of curvature for a line,
circular helix, and general ellipse in 2-space, including computation showing that the curvature
of a circle of radius r is 1=r; de¯nition and discussion of osculating circle (circle of curvature)
and radius of curvature for curves in 2-space; proof that for a curve in 2-space · = jdÁds j where Á
is the angle measured counterclockwise from the positive x direction to the unit tangent vector,
and s is an arc length parameter.

Lecture 29 (x14.6) : Vector Calculus and Motion Along a Curve. De¯nitions
and discussions of velocity (v), speed (ds=dt), and acceleration (a) of a particle moving along a

curve; proof that a = aTT + aNN, where aT = d2s
dt2 and aN = · ¢ ( dsdt )2; example showing that

for a particle traveling in a circle of radius r at constant speed v0, the acceleration points in
the normal direction with magnitude v2

0=r; example showing that for a particle moving along a
straight line, the acceleration is parallel to the direction of motion and has magnitude equal to

jd2s=dt2j; proof that aT and aN can be written: aT = v²a
jjvjj , aN =

jjv£ajj
j jvjj .

Lecture 30 (x14.6) : Examples and Projectile Motion. Examples of results from
previous lecture; observation that jjajj2 = jaT j2 +jaN j2; discussion of projectile motion, including
how Newton's Law gives the acceleration, and how to integrate acceleration to obtain the velocity
and position functions; observation that a projectile travels in a parabolic path.

Lecture 31 (x15.1) : Multivariable Functions. Notation for the set of all n-tuples
of real numbers (Rn); de¯nition of a real-valued function of n real variables; de¯nition of its
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domain and range; de¯nition, discussion, and examples of graphs of functions of two variables;
de¯nitions, discussions, and examples of level curves of functions of two variables, and level
surfaces for functions of three variables.

Lecture 32 (x15.2) : Properties of Sets in 2-space and 3-space. De¯nitions, dis-
cussions, and examples of: ball of radius r centered at P (Br(P )), interior point, boundary
point, interior of a set, boundary of a set, open set, closed set, bounded set, unbounded set,
accumulation point; brief review of limits for functions of one variable.

Lecture 33 (x15.2) : Limits. De¯nitions, discussions, and examples of limit along a curve
( lim
(x;y)¡!

C
(x0;y0)

f (x; y)), and general limit ( lim
(x;y)!(x0;y0)

f (x; y)); de¯nition of general limit for a

function of three variables.

Lecture 34 (x15.2) : Continuity. De¯nition, discussion, and examples of continuity at
a point for functions of two variables; de¯nition of continuity on a set of points; de¯nition of
continuous function; statement and (partial) proof of theorem asserting that the sum, di®erence,
product, and quotient of continuous functions is continuous; statement of theorem asserting
that f (x; y) = g(x) ¢ h(y) is continuous if g and h are continuous functions of one variable, and
that f (x; y) = g(h(x; y)) is continuous if g is a continuous function of one variable and h is a
continuous function of two variables.

Lecture 35 (x15.3) : Partial Derivatives. General discussion of di®erentiation for a
function of two variables; de¯nitions, discussion, and examples of the partial derivatives fx and
fy for a function of two variables.

Lecture 36 (x15.3) : Higher-Order Partials. Discussion of the second and higher-order
partial derivatives of a function of two variables; discussion of \partial" (@) notation for partial
di®erentiation; example computing higher-order partial derivatives and illustrating @ notation;
statement of theorem asserting the equality of mixed partials; de¯nition of partial derivative for
a general real-valued of n variables.

Lecture 37 (x15.4) : Differentiability. Example showing that existence of partial deriva-
tives at a point does not imply continuity at that point; review, reformulation, and geometric
interpretation of the notion of di®erentiability for a function of one variable; de¯nition and dis-
cussion of di®erentiability for a function of two variables; proof that di®erentiability of f at
(x0; y0) implies continuity of f at (x0; y0); statement of theorem giving su±cient conditions for
di®erentiability in terms of the continuity of the ¯rst partials.

Lecture 38 (x15.4) : Chain Rule. Review of statement and proof of the chain rule for func-
tions of one variable; proof of the chain rule for functions of two variables: if f is a di®erentiable

function of x and y, and x and y are di®erentiable functions of t, then
d

dt
f (x(t);y(t)) =

@f

@x

dx

dt
+
@f

@y

dy

dt
.

Lecture 39 (x15.4) : Chain Rule : Examples & Consequences. Examples of the chain
rule proven in previous lecture; discussion showing how the chain rule can be used as a substitute
for implicit di®erentiation; proof and example of the chain rule in the case where f is a function
of x and y, and both x and y are functions of u and v.

Lecture 40 (x15.5) : Tangent Planes. De¯nition of the tangent plane; proof of theorem
giving the existence and formula for the tangent plane assuming f is di®erentiable at the given
point; de¯nition and equation of normal line to a surface at a point; discussion of the de¯ntion
of di®erentiability and the resultant relationship between f and its tangent plane at a point;
de¯nition of local linear approximation; de¯nition and discussion of the total di®erential of f .
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Lecture 41 (x15.6) : Directional Derivatives. De¯nition and notation for the directional
derivative of f; Proof that the directional derivative of f at (x0; y0) in the direction of the vector
v = hv1;v2i is given by Dvf (x0; y0) = (1=jjvjj)(fx(x0; y0)v1 + fy (x0; y0)v2); proof of some basic
properties of directional derivatives.

Lecture 42 (x15.6) : The Gradient. De¯nition and discussion of the gradient function
rf ; proof that if u is a unit vector, then Duf (x; y) = rf (x; y)²u; proof that Duf (x; y) is
maximal when u and rf (x; y) point in the same direction, and minimal when they point in
opposite directions; proof that at (x; y), rf is normal (orthogonal to a tangent vector) to the
level curve of f through (x; y).

Lecture 43 (x15.7) : Functions of n Variables: Differentiation I. De¯nition of
di®erentiability for a function of n variables; discussion of necessary and su±cient conditions for
di®erentiability; statement and example of the general chain rule for di®erentiable functions f
on n variables x1; : : : ; xn, where x1; : : : ; xn are di®erentiable functions of m variables t1; : : : ; tm;
de¯nition and brief discussion of the total di®erential of a function of n variables.

Lecture 44 (x15.7) : Functions of n Variables: Differentiation II. De¯nitions of
directional derivatives and gradients for functions of an arbitrary number of variables; discussion
of the basic relationship between the directional derivatives and gradient of such a function;
proof that for functions of three variables, the gradient at any point is normal to the level
surface through that point; derivation of the equation of the tangent plane to a level surface.

Lecture 45 (x15.8) : Extrema of Functions of Two Variables. De¯nitions of rela-
tive and absolute maxima, minima, and extrema; de¯nitions of interior extrema and boundary
extrema; statement of the Extreme-value Theorem for functions of two variables; de¯nition of
critical point; proof that every relative extremum of the function f (x; y) occurs either at a
boundary point of the domain or at a critical point.

Lecture 46 (x15.8) : Second Partials Test. Statement of the Second Partials Test;
applications and examples of the Second Partials Test.

Lecture 47 (x15.9) : Lagrange Multipliers in Two Dimensions. De¯nitions of con-
straint curve, constraint equation, and constrained extrema; discussion and example of the
method of Lagrange Multipliers for functions of two variables; in particular, proof that for a
function f(x; y) and (\constraint") curve C given by the equation g(x; y) = 0, all relative ex-
trema of f restricted to C (\constrained relative extrema") must occur either at endpoints of C
or at points (x; y) on the constraint curve where rf (x; y) = ¸rg(x; y), for some .̧

Lecture 48 (x15.9) : Lagrange Multipliers in Three Dimensions. Discussion and
example of the method of Lagrange Multipliers for functions of three variables; in particular,
proof that for a function f (x; y;z) and (\constraint") surface S given by the equation g(x; y; z) =
0, all relative extrema of fjS (\constrained relative extrema") must occur either at boundary
points of S or at points (x;y; z) on the constraint curve where rf (x; y; z) = ¸rg(x; y; z), for
some ¸.

Lecture 49: What's Next?. Brief discussion of the course(s) a student could/should take
after completing Multivariable Di®erential Calculus.
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