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Lecture Summaries for Real Analysis M115

Lecture 01 (x2,3): Real Analysis. An introduction to the course; discussion of the axioms
for an ordered ¯eld; proof of the rational roots theorem involving possible rational roots of integer
polynomials; corollary that there are many real numbers which are not rational.

Lecture 02 (x4): The Completeness Axiom. De¯nition and examples of maximum and
minimum (of a set), concepts of bounded above, bounded below, upper bound, lower bound,
bounded, supremum (sup) and in¯mum (inf) (of a set); discussion of the completeness axiom;
proof that every non-empty subset of reals which is bounded below has a greatest lower bound;
proof that the rationals are not complete.

Lecture 03 (x4): Consequences of Completeness. Proof of some basic consequences of
completeness, including the Archimedean property and the fact that the rationals are dense in
the reals; brief discussion of guidelines for what is acceptable to use in a proof.

Lecture 04 (x5): +1 and ¡1. De¯nition of the symbols +1 and ¡1; discussion of what
these symbols mean and how they can be used; extension of the de¯nitions of sup and inf to any
non-empty subset of reals.

Lecture 05 (x7): Sequences and Limits. De¯nition of and notations for sequences; proof
of some basic properties of the absolute value function; de¯nition and discussion of the limit of
a sequence.

Lecture 06 (x7,8): Proofs Involving Limits. Speci¯c examples of proofs involving lim-
its of sequences; proof that limits of sequences are unique; proof of the squeeze theorem for
sequences.

Lecture 07 (x9): Basic Limit Theorems for Sequences. Proof that the limit of a
sum is the sum of limits; proofs for analogous statements involving di®erences, products, and
quotients; proof that the limit of a constant times a sequence is that constant times the limit of
the sequence; proof that convergent sequences are bounded.

Lecture 08 (x9): Limits of Some Basic Sequences. Proofs of the following: lim(1=np) =
0 for p > 0; lim an = 0 for jaj < 1; limn1=n = 1; lim a1=n = 1 for a > 0. Proof that the limit
of the quotient of two polynomials of the same degree is the ratio of their leading coe±cients.
Proof of the ¯rst part of the ratio test.

Lecture 09 (x9): Limits Equaling Infinity. De¯nition of statements of the form lim sn =
+1 and lim sn = ¡1; proof that if sn · tn for all n, then lim sn = +1 implies lim tn = +1,
and lim tn = ¡1 implies lim sn = ¡1; proof that if lim sn = +1 and lim tn > 0, then
lim sntn = +1; proof that lim sn = +1 if and only if lim(1=sn) = 0; proof that lim jp(n)=q(n)j =
+1 if p and q are polynomials with degree of p greater than degree of q; proof that lim sn = +1
if sn > 0 and lim jsn+1=snj > 1.

Lecture 10 (x10): Bounded Monotone Sequences. De¯nitions of non-decreasing, non-
increasing, and monotone; proof that a monotone sequence has a limit, and that this limit is
¯nite if and only if the sequence is bounded; de¯nition and discussion of lim sup and lim inf;
proof that lim sn = s if and only if lim inf sn = lim sup sn = s.
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Lecture 11 (x10): Cauchy Sequences. De¯nition of a Cauchy sequence; proof that Cauchy
sequences are bounded; proof that a sequence converges if and only if it's Cauchy.

Lecture 12 (x11): Subsequences. De¯nition of a subsequence; proof that if a sequence
converges to s, then so does every subsequence; proof that s is a limit of a subsequence if and
only if every interval around s contains in¯nitely many sequence elements; proof that every real
number is the limit of a subsequence of any sequence containing all rationals; proof that there
exists a subsequence of (sn) converging to lim sup sn, and similarly for lim inf sn .

Lecture 13 (x11): More on Subsequences. Proof that every sequence has a mono-
tone subsequence; proof that every bounded sequence has a convergent subsequence (Bolzano-
Weierstrass); de¯nition of subsequential limit; proof that s is a subsequential limit of (sn ) if and
only if there's a monotone subsequence converging to s; proof of the basic properties of the set
S of subsequential limits of (sn), including S 6= ;, lim supsn = supS, and lim inf sn = infS;
de¯nition of a closed set; proof that S is closed.

Lecture 14 (x12): More on Limsups and Liminfs. Proof that if (sn) converges to s > 0,
then lim supsn tn = s ¢ lim sup tn; proof that for a positive sequence (sn), lim inf jsn+1=snj ·
lim inf jsnj1=n · lim sup jsnj1=n · lim sup jsn+1=snj.

Lecture 15 (x14): Introduction to Series. Notation for and de¯nition of an in¯nite
series; de¯nition of the sequence of partial sums; de¯nitions of convergence, divergence, and
absolute convergence of an in¯nite series; proof that if a series converges then the sequence of
terms converges to 0.

Lecture 16 (x14): Geometric Series and p-series. De¯nition and discussion of geometric
series and p-series; proof that the geometric series

P1
k=0 ar

k converges to a=(1¡ r) if and only
if jrj < 1 or a = 0; proof that the harmonic series

P
1=n diverges; proof that

P
1=np diverges

for p · 1.

Lecture 17 (x14): Tests for Series Convergence. De¯nition and discussion of the
Cauchy criterion for convergence of a series; proofs of the comparison, root, and ratio tests for
series.

Lecture 18 (x15): The Integral and Alternating Series Tests. Proof of the integral
test; proof that p-series converge for p > 1; proof of the alternating series test; de¯nition of
conditional convergence.

Lecture 19 (x17): Continuity: Part I. Review of de¯nition of a real-valued function
of a real variable; review of standard terminology used when dealing with functions; the ²-±
de¯nition of continuity at a point; the sequence de¯nition of continuity at a point; proof that
the two de¯nitions of continuity are equivalent.

Lecture 20 (x17): Continuity: Part II. Discussion of the basic ways functions can be
combined to create new functions; proofs that if f and g are continuous, then so are the functions
af+bg, fg, f=g, jfj, maxff; gg, minff; gg; discussion of composition; proof that if g is continuous
at x0 and f is continuous at g(x0), then f ± g is continuous at x0.

Lecture 21 (x18): The Extreme Value and Intermediate Value Theorems. Proof
that a function, de¯ned and continuous on a closed and bounded interval, is bounded; proof of
the Extreme Value Theorem; proof of the Intermediate Value Theorem; proof that continuous
functions map intervals to intervals.
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Lecture 22 (x18): Consequences of the Intermediate Value Theorem. Conse-
quences of the Intermediate Value Theorem including: proof that if f maps [a; b] into itself and
f is continuous, then f (x) = x for some x 2 [a;b]; proof that for every integer m > 0, every
non-negative number has a non-negative mth root.

Lecture 23 (x18): Intermediate Value Theorem and Inverse Functions. De¯nitions
of one-to-one, and inverse function; proof that a one-to-one continuous function de¯ned on an
interval must be either strictly increasing or strictly decreasing; proof that a strictly increasing
(or decreasing) function mapping an interval to an interval must be continuous; proof that if f
is one-to-one and continuous on some interval, then f¡1 is also continuous.

Lecture 24 (x19): Uniform Continuity. De¯nition and discussion of uniform continuity;
proof that the function 1=x is not uniformly continuous on (0;1), but is uniformly continuous
on [a;1), where a > 0; proof that linear functions are uniformly continuous on the whole real
line; proof that the function 2x is not uniformly continuous on [0;1).

Lecture 25 (x19): Properties of Uniformly Continuous Functions. Proof that a
continuous function on a closed and bounded interval is uniformly continuous (on that interval);
proof that if f is uniformly continuous on a set S then the image of every Cauchy sequence in S
is Cauchy; proof that f is uniformly continuous on (a; b) if and only if there exists a continuous
extension of f to [a; b]; proof that if f is di®erentiable on an interval I and f0 is bounded, then
f is uniformly continuous on I .

Lecture 26 (x20): Limits of Functions. De¯nition of the limit of a function along a subset
of its domain; de¯nitions of right-hand limit, left-hand limit, two-sided limit, limx!1, limx!¡1;
examples involving computations of such limits; proof that the limit of a sum, product, and
quotient of functions is the sum, product, and quotient of the limits; proof that if limx!aS f (x) =
L and g is continuous at L, then limx!aS g(f (x)) = g(L).

Lecture 27 (x20): ²-± Characterizations of Limits of Functions. Proofs of various
theorems characterizing limit statements using ²-± terminology; proof that limx!a f (x) = L if
and only if limx!a+ f (x) = limx!a¡ f (x) = L.

Lecture 28 (x23): Introduction to Power Series. De¯nition of power series; proof
that

P
an(x¡ x0)n converges for jx ¡ x0j < 1=¯, where ¯ = lim sup jan j1=n; de¯nition of radius

of convergence and interval of convergence of a power series.

Lecture 29 (x23): Examples of Power Series. Some examples of power series and the
computation of their intervals of convergence.

Lecture 30 (x24): Pointwise Convergence and Uniform Convergence. De¯nition
and discussion of pointwise convergence of functions; de¯nition and discussion of uniform conver-
gence of functions; examples to illustrate both types and their di®erences; proof that continuous
functions converging uniformly converge to a continuous function; sketch of argument showing
that a power series is continuous on its interval of convergence.

Lecture 31 (x25): Uniform Convergence and Uniformly Cauchy. Discussion of
uniform convergence and commuting limits with other operations; proof that if fn ! f uniformly

on [a; b], then limn!1
R b
a
fn =

R b
a
f ; de¯nition of uniformly Cauchy; proof that a sequence of

functions which is uniformly Cauchy converges uniformly.

Lecture 32 (x25,26): Uniform Convergence of Series. De¯nitions of a series of func-
tions, convergence and uniform convergence of a series of functions, uniform Cauchy criterion;
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proof of the Weierstrass M -test; proof that if
P
gk converges uniformly then the sequence (gk )

converges uniformly to 0; proof that a function de¯ned by a power series is continuous at any
point lying strictly inside its interval of convergence.

Lecture 33 (x26): Differentiation and Integration of Power Series. Proofs that
within its interval of convergence a power series can be integrated and di®erentiated term by
term; application of the previous results to the computation of

P1
n=1 n=2

n.

Lecture 34 (x26): Abel's Theorem. Proof of Abel's theorem that if a series converges at
an endpoint of its interval of convergence, then it's continuous at that endpoint; proof that the
alternating series sums to ln2.

Lecture 35 (x28): The Derivative. De¯nition of the derivative; computations of the
derivatives of xn and x1=n for n a positive integer; proof that the derivative of a linear combination
of functions is that linear combination of the derivatives.

Lecture 36 (x28): Products, Quotients, and Compositions. Proofs of the product,
quotient, and chain rules for di®erentiation.

Lecture 37 (x29): Mean Value Theorem. Proof that if f is di®erentiable on (a;b),
x0 2 (a; b), and f (x0) is either a max or a min, then f 0(x0) = 0; proof of Rolle's theorem; proof
of the Mean Value theorem; proof that f 0 = 0 throughout an open interval implies f is constant
on that interval; proof that any two functions which have the same derivatives throughout an
interval must di®er only by a constant.

Lecture 38 (x29): Consequences of the Mean Value Theorem and Derivatives
of Inverses. Proof that f 0 > 0 on (a; b) implies f is strictly increasing on (a; b); proofs of
similar statements for f 0 < 0, f 0 ¸ 0, and f 0 · 0; proof of the Intermediate Value theorem for
derivatives; proof that if f is one-to-one, continuous in an interval containing x0, and f 0(x0)
exists but is nonzero, then (f¡1)0(y0) = 1=f0(f¡1(y0)).

Lecture 39 (x30): L'Hospital's Rule. Proof of L'Hospital's rule.

Lecture 40 (x31): Taylor Series. De¯nition of Taylor series; proof that series representa-
tions are unique; de¯nition of the remainder function Rn ; proof of Taylor's Theorem describing
the remainder function; proof that if the derivatives of f are uniformly bounded, then the Taylor
series for f represents f ; computation of the Taylor series for ex , and proof that the Taylor series
converges to ex for all x 2R; similar computation and proof for the function cos x.

Lecture 41 (x31): More on Taylor Series. Proof of the integral version of Taylor's
Theorem; proof of Cauchy's form of the remainder; proof that the function f (x) = e¡1=x for
x > 0, and f (x) = 0 for x · 0, has f (n)(0) = 0 for all n, so its Taylor series is the 0 series, which
does not converge to f on any open interval containing 0.
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